Rules for integrands of the form u (a + bSec[e + fx]2)” whena + b == @

1: Ju (a+bSec[e+fx]2)pdlx whena+b=0 A pez

Derivation: Algebraic simplification
Basis:If a+b == 0,thena+bSec[z]?2=bTan[z]?
Rule:If a+b =0 A p € Z,then

Ju (a+bSec[e+-Fx]2)pd1x — pruTan[e+-Fx]2pd1x

Program code:

Int[u_.x(a_+b_.xsec[e_.+f_.xx_]~2)"p_,x_Symbol] :=
brpxInt[ActivateTrig[uxtan[e+fxx]|~(2+p)|,x]| /;
FreeQ[{a,b,e,f,p},x]| & EqQ[a+b,0] && IntegerQ[p]

2: ju (a+bSec[e+-Fx]2)pdlx whena+b =0

Derivation: Algebraic simplification
Basis:If a+ b == 0,thena+bSec[z]%2=bTan[z]?
Rule:If a + b == 9, then

ju (a+bsec[e+fx]*)Pdx — J-u (bTan[e + fx]?*)" ax

Program code:

Int[u_.+(a_+b_.xsec[e_.+f_.xx_]"2)"p_,x_Symbol] :=
Int[ActivateTrig[ux (bstan[e+fxx]~2)~p],x] /;
FreeQ[{a,b,e,f,p},x| && EqQ[a+b,0]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

Rules for integrands of the form (d Trig[e + fx])™ (a + b (cSec[e + fx])™)P

1, j(dTr‘ig[ewa])m (b (csec[e+Fx])")"dx when p ¢z
1. J(b (csec[e+fx])")Pdx when p¢z

1: J(bSec[erFx]z)pdlx when p ¢ z

Derivation: Integration by substitution
Basis: Sec[z]%2=1+Tan[z]?

Basis: F [Sec[e + f x]?]| = %Subst[ﬂh—ﬂ, X, Tan[e+fx]} OxTan[e + f x]

1+x2
Rule: If p ¢ Z, then

J(bSec[e+fx]2)pdx — %Subst[f(b+bx2)p'1dx, X, Tan[e+fx]]

Program code:

Int[(b_.»sec[e_.+f_.xx_]"2)"p_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
bxff/FxSubst [Int[ (b+bxffr24x2)~ (p-1),x],x,Tan[e+fx]/Ff]] /;
FreeQ[{b,e,f,p},x] & Not[IntegerQ[p]]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2: J-(b (csec[e+fx])")Pdx whenp¢z

Derivation: Piecewise constant extraction

Basis: a, i"FF[#)— "

x]"P

Rule: If p ¢ Z, then

bIntPartlpl (p (csec[e+fx])) FracPart[p]

(C Sec [e +f X] ) nFracPart[p]

J(b (csec[e+fx])")Pax —

J(cSec[e+fx])""dlx

Program code:

Int[(b_.»(c_.#sec[e_.+f_.xx_])"n_)~p_,x_Symbol] :=
brIntPart[p] (b (cxSec[e+fxx])~n) FracPart [p1/(c*Sec [e+fxx] )~ (nxFracPart[p]) »Int [ (cxSec[e+fxx])~(nxp),x] /;
FreeQ[{b,c,e,f,n,p},x]| && Not[IntegerQ[p]]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2. J(b (csec[e+fx])")Pdx when p¢z

1: |Tan[e+fx]" (bSec[e+fx]2)pd1x when p¢z A "';—1&2

Derivation: Integration by substitution

Basis: If % € 7, then

m

Tan[e+fx]mF[Sec[e+fx]2} = LSubst{lﬂ)xz—Fm, X, Sec[e+1cx]2} OxSec[e + fx]?

Rule:Ifp ¢ z A ™% € z,then

~J‘Tan[erFx]"' (b Sec[e+fx]2)pdlx — L-FSubst[J‘(—1+x)mz;1 (b x)Ptax, x, Sec[e+-Fx]2]
2

Program code:

Int[tan[e_.+f_.*x_]"m_.+(b_.xsec[e_.+f_.*x_]~2)"p_.,x_Symbol] :=
b/ (2+F) *Subst [Int [ (-1+x) " ((m-1) /2) % (bxx) ~ (p-1) ,X],X,Sec[e+Ffxx]|"2] /;
FreeQ[{b,e,f,p},x] & Not[IntegerQ[p]] && IntegerQ[ (m-1)/2]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2: Ju (bsec[e+fx]")Pdx whenp¢z A nez

Derivation: Piecewise constant extraction

e (bSecle+fx]MP __
Basis: Oy Sec erfx|"P 0

Rule:lf p¢Z A nez,then

bI"tPartiel (b sec[e + £ x]") FracPart P

Sec [e . _FX]nFr'acPar‘t[p]

uSec[e+-Fx]"pdlx

Ju (bsec[e+fx]")Pdax —

Program code:

Int[u_.x(b_.#sec[e_.+f_.xx_]"n_)"p_,x_Symbol] :=
With[{ff=FreeFactors [Sec[e+f+x],x]},
(bxff~n) AIntPart [p] « (bxSec [e+fxx]~n)~FracPart[p]/(Sec[e+f+x]/ff)~ (nxFracPart[p])«
Int[ActivateTrig[u] « (Sec[e+fxx]/Ff)~ (n+p),x]] /;
FreeQ[{b,e,f,n,p},x]| & Not[IntegerQ[p]] & IntegerQ[n] &&
(EaQ[u,1] || MatchQ[u, (d_.xtrig_[e+fxx])~m_. /; FreeQ[{d,m},x] && MemberQ[{sin,cos,tan,cot,sec,csc},trig]])



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

3: Ju (b (csec[e+fx])")Pdx whenp¢z A n¢z

Derivation: Piecewise constant extraction

. (b (cSecl[e+fx])MP __
Basis: Ox (cSec[e+fx])"P 0

Rule:lf p¢Z A n ¢ Z,then

bIMtPart(Pl (b (c Sec[e + fx])") FracPart [p]

(csece + £x])"Fracrart el

(cSec[e+fx])"”dlx

J(b (csec[e+fx])")Pdx —

Program code:

Int[u_.(b_.*(c_.xsec[e_.+f_.»x_])~n_) p_,x_Symbol] :=
brIntPart[p] (b (cxSec[e+fxx])~n)~FracPart[p]/(cxSec[e+fxx])~ (nxFracPart[p])«
Int[ActivateTrig[u] « (cxSec[e+fxx])~(nxp),x] /;
FreeQ[{b,c,e,f,n,p},x] && Not[IntegerQ[p]] & Not[IntegerQ[n]] &&
(EaQ[u,1] || MatchQ[u, (d_.xtrig_[e+fsx])*m_. /; FreeQ[{d,m},x] & MemberQ[{sin,cos,tan,cot,sec,csc},trig]])

2. j(a+b (csec[e+fx])")Pax

1. J(a+b$ec[e+fx]2)pdx

1
1:J~ dx whena+b#0
a+bSec[e+-Fx]2

Derivation: Algebraic expansion

1 1 b
a

BaSIS: ¢ fsectzr” = 3~ 3 [pracestzl]

Rule:If a + b # 9, then



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

1 X b 1
J dx — ———J dx
a+bSec[e+-Fx]2 a a b+aCos[e+1:x]2

Program code:

Int[1/(a_+b_.xsec[e_.+f_.xx_]*2),x_Symbol] :=
x/a - b/axInt[1/(b+axCos[e+fxx]"2),x] /;
FreeQ[{a,b,e,f},x] && NeQ[a+b,0]

2: j(a+b5ec[e+fx]2)pdx whena+b#0 A p#-1

Derivation: Integration by substitution

1+x2

Basis: F |Sec[e + f x]?]| = %Subst[ﬂ“—ﬂ, X, Tan[e+fx]} OxTan[e + f x]

Rule:lf a+b +0 A p # -1,then

(a+b+bx2)p

1
j(a+b5ec[e+fx]2)"dlx — —Subst[J
f 1+ x?

dx, x, Tan[e+-Fx]]

Program code:
Int[(a_+b_.xsec[e_.+f_.»x_]~2)"p_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},

£f/fxSubst [Int[ (a+b+bxff 24x"2) *p/ (1+FF 24x"2) ,x] ,x,Tan [e+fxx] /F]] /;
FreeQ[{a,b,e,f,p},x]| && NeQ[a+b,0] && NeQ[p,-1]

2: J(a+bSec[e+fx]4)"d1x when 2pez

Derivation: Integration by substitution



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

Basis:F[Sec[e+fx]2} == ¢ Subst %L, X, Tan[e+fx]} OxTan[e + f x]

Rule: If 2 p € z, then

a+b+2bx2+bx4)p

J(a+b5ec[e+fx]4)pd1x s %Subst[J(

. dx, X, Tan[e+-Fx]]
1+X

Program code:

Int[(a_+b_.xsec[e_.+f_.xx_]"4)"p_,x_Symbol] :=

With[{ff=FreeFactors[Tan[e+f+x],x]},

£f/FxSubst [Int[ (a+b+24bsFf 2xx 2+bxFF 4xx"4) "p/ (1+FF 24x2) ,x], X, Tan [e+fxx]| /FF]] /;
FreeQ[{a,b,e,f,p},x] && IntegerQ[2xp]

3: J(a+b$ec[e+fx]")pdx when Eez Ap+2ez*

Derivation: Integration by substitution

Basis: F [Sec[e + f x]?]| = %Subst[ﬂh—ﬂ, X, Tan[e+fx]} OxTan[e + f x]

1+x2

Rule: If % €eZ AN p+2eZ,then
(a+b(1+x2)"/2)p

1+ x?

dx, X, Tan[e+-Fx]]

1
j(a+b$ec[e+fx]")"dlx — ;Subst[J

Program code:

Int[(a_+b_.xsec[e_.+f_.»x_]~n_)"p_,x_Symbol] :=
With[{ff=FreeFactors|[Tan[e+f+x],x]},
ff/fxSubst[Int [ (a+bx (1+FF 2xx2) A (n/2) ) *p/ (1+FF 24x72) ,X],x,Tan[e+f+x] /FF]] /;
FreeQ[{a,b,e,f,p},x] & IntegerQ[n/2] && IGtQ[p,-2]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

X: J(a+b (csec[e+fx])")Pax

Rule:

j(a+b (csec[e+fx])")Pax — J.(a+b (csec[e+fx])")Pax

Program code:

Int[(a_+b_.x(c_.*sec[e_.+f_.»x_])~n_)~p_,x_Symbol] :=
Unintegrable[ (a+bx (cxSec[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,e,f,n,p},x]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

3. J(dsin[e+fx])m (a+b (csec[e+fx])")"ax

1: [sin[e+fx]" (a+bSec[e+-Fx]")pdlx when gez A gez

Derivation: Integration by substitution

Basis: Sin[z]? == 11-—?';%%

Basis: Sec[z]%2==1+Tan[z]?

X" F | 1+x2

Basis: If ™ € z,thenSin[e + fx]"F[Sec[e + fx]?| = %Subst{ vt X, Tan[e + f x]
+X

Rule: If% €Z A % € Z,then

. 1 X" (a+b(1+x2)"/2)'J
jsin[e+Fx] (a+bsec[e+fx]")?ax — —Subst[J
£ (1+x2)m/2+1

dx, x, Tan[e+fx]]

Program code:
Int[sin[e_.+f_.*x_]"m_x(a_+b_.*sec[e_.+f_.xx_]"n_)~p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},

f£7 (m+1) /f+Subst[Int [x"mxExpandToSum[a+b (1+Ff 2xx"2)~ (n/2) ,x]|*p/ (1+FF2xx"2) ~ (m/2+1) ,X] ,x,Tan[e+f+x] /]| /;
FreeQ[{a,b,e,f,p},x]| && IntegerQ[m/2] && IntegerQ[n/2]

2. |sin[e+fx]|" (a+b (cSec[e+fx])")"dx when’"z;lez

1: |sin[e+fx]|" (a+bsec[e+fx]")Pdx When%ez ANEZ ApeZ

Derivation: Integration by substitution

Basis: If % € Z,then

10

} o, Tan[e + £ x]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

m-1

Sinfe+fx]"F[Sec[e +fx]] ::—%Subst{(l—xz) 2 F|

X |

Rule:If ™% €Z A nez A p e Z,then

1 (1—x2)m;_1(b+ax")p
sin[e+fx]|" (a+bSec[e+-Fx]")pdlx — —;Subst[ dx, X, Cos[e+fx]]

x"P

Program code:
Int[sin[e_.+f_.*x_]"m_.«(a_+b_.xsec[e_.+f_.#x_]*n_)"p_.,x_Symbol] :=
With[{ff=FreeFactors|[Cos[e+f+x],x]},

-ff/FxSubst [Int [ (1-FF 24x"2) " ((m-1) /2) « (b+ax (FFxx) *n) ~p/ (FFxx) " (nxp) ,x],x,Cos [e+f+x]| /FF]] /;
FreeQ[{a,b,e,f},x] & IntegerQ[(m-1)/2] && IntegerQ[n] & IntegerQ[p]

2: |sin[e+fx]" (a+b (cSec[e+fx])")Pdx when%ez A (M>0V Nn=2V n=4)

Derivation: Integration by substitution

Basis: If % € 7,then

(-1+x?) M%F[x}
m+1

XM+

Sin[e+fx]"F[Sec[e+fx]] == %Subst{ , X, Sec[e+fx]| 6xSec[e +fx]

Rule:If ™% ez A (m>8 V n=2Vn-=4),then

Xm+1

1 (—1+x2)m;_1(a+b(cx)")p
Sin[e+fx|" (a+b (cSec[e+-Fx])")pdlx — ;Subst[ dx, X, Sec[e+fx]]

Program code:

Int[sin[e_.+f_.*x_]"m_.#(a_+b_.x(c_.xsec[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Cos[e+f+x],x]},
1/ (F+Ffrm) «Subst [Int [ (-1+FF 24x"2) A ((m-1) /2) » (a+b# (cxFfxx) ~n) ~p/x" (m+1) ,X] ,X,Sec[e+F+x] /FF]] /3
FreeQ[{a,b,c,e,f,n,p},x] & IntegerQ[(m-1)/2] & (GtQ[m,0] || EqQ[n,2] || EqQ[n,4])

|» %, Cos[e+1°x]} ¢ Cos [e + f X]

11



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p 12

X: J(dsin[e+fx])'" (a+b (csec[e+fx])")?ax

Rule:

J-(dsin[e+fx])"' (a+b (csec[e+fx])")Pax — J.(dSin[e+-Fx])'" (a+b (csec[e+fx])")"ax

Program code:
Int[(d_.»sin[e_.+f_.*x_])"m_.#(a_+b_.x(c_.»sec[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=

Unintegrable[ (d+Sin[e+fxx])~m« (a+bx (cxSec[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]

4. J(dCos[e+fx])m (a+b (csec[e+fx])")"ax

1: J(dCos[e+fx])m (a+bsec[e+fx]")’dx whenm¢z A (n|p)ez

Derivation: Algebraic normalization
Basis: If (n | p) € Z,then (a+bSec[e+fx]")P==d"P (dCos[e+fx]) "P (b+aCos[e+fx]")P
Rule:lf m¢ Z A (n | p) € Z,then

j(dCos[e+fx])m(a+bSec[e+-Fx]")pdlx - d"pj(dCos[e+fx])m'"p(b+aCos[e+-Fx]")pdlx

Program code:

Int[(d_.xcos[e_.+f_.xx_])~m_x(a_+b_.xsec[e_.+f_.»x_]"n_.)"p_.,x_Symbol] :=
d~ (nxp) »Int[ (d«Cos[e+fxx] )~ (m-nxp) » (b+axCos [e+Ffxx]|~n)~p,x]| /;
FreeQ[{a,b,d,e,f,m,n,p},x] && Not[IntegerQ[m]] && IntegersQ[n,p]



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2: J(dCos[e+fX])m (a+b (csec[e+fx])")?ax whenme¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (d Cos[e+fx])" (SizL”ly“) -0

Rule: If m ¢ Z, then

m n FracPart[m Sec[e+fx] Fracpart[m] Sec [e + -Fx]
J(dCos[e+fx]) (a+b (csec[e+fx]) )pdlx — (dCos[e+fx]) e _

p p ]-m(a+b(c5ec[e+fx])")pd1x

Program code:

Int[(d_.#cos[e_.+f_.xx_]) m_x(a_+b_.x(c_.»sec[e_.+f_.»x_])"n_)"p_,x_Symbol] :=
(d#Cos[e+fxx])~FracPart [m] » (Sec [e+fxx] /d) *FracPart [m] +Int[ (Sec[e+fxx]/d)~(-m) x (a+bx (cxSec[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]]

13



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

5. J(dTan[e+fx])"' (a+b (csec[e+fx])")"ax

1. |Tan[e+fx]" (a+b (cSec[e+-Fx])")pdlx when "';—1&2

1: |Tan[e+fx]|" (a+bsSec[e+fx]")?dx when "'z;lez ANEZ APEZ

Derivation: Integration by substitution

Basis: Tan[z]? == 1&2—2%]242—2

Basis: If % € 7, then

m-1

m

Tan[e+ fx]™F[Sec[e + f x]] ::—%Subst{%, X, Cos[e+fx]} OxCos e + f x]

Rule:If ™2 €Z A nez A p e z,then

1 (1-x2)7 (b+ax)®
Tan[e+ fx]" (a+bSec[e+fx]")?dx — -;Subst[ dx, X, Cos[e+fx]]

XxM™+np

Program code:

Int[tan[e_.+f_.*x_]~m_.«(a_+b_.xsec[e_.+f_.+«x_]~n_)"p_.,x_Symbol] :=
Module[{ff=FreeFactors[Cos[e+fxx],x]},
-1/ (FxffA (menxp-1) ) #Subst [Int [ (1-FFA2xx"2) A ((m-1) /2) » (b+ax (FFxx)~n) ~p/x* (m+nxp) ,X] ,X,Cos [e+f+x] /Ff]] /;
FreeQ[{a,b,e,f,n},x]| && IntegerQ[(m-1)/2] && IntegerQ[n] & IntegerQ[p]

m-1

2: JTan[ewa]m(a+b(cSec[e+-Fx])")pdlx when =€z A (M>@ VNn=2Vn=4Vpez'V (2n]|p)€z)

Derivation: Integration by substitution

Basis: Tan[z]2 == -1 + Sec[z]?

14



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

Basis: If % e Z,then

{(1+XZ>ZF[X}

Tan[e+ fx]"F[Sec[e+fXx]] = %Subst , X, Sec[e+fx]| OxSec[e +f x]

Rule:if =2 ez A (m>8Vn=2Vn=4VpezV (2n|p) €Z),then

JTan[e+fx]'" (a+b (csec[e+fx])")Pax — %Subst[J\(_l”2

)5 (a+b (cx)")P

, dx, X, Sec[e+fx]]

Program code:

Int[tan[e_.+f_.*x_]~m_.*(a_+b_.x(c_.xsec[e_.+f_.+x_])~n_)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Sec[e+fxx],x]},
1/f+Subst [Int[ (-1+FF 24x 2) A ((m-1) /2) * (a+bx (cxFFxx)~n) p/x,x],x,Sec[e+Ffxx] /Ff]] /;
FreeQ[{a,b,c,e,f,n,p},x] & IntegerQ[(m-1)/2] & (GtQ[m,0] || EqQ[n,2] || EqQ[n,4] || IGtQ[p,@] || IntegersQ[2xn,p])
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2. J(dTan[e+fx])'" (a+b (csec[e+fx])")?ax

1: J(dTan[e+fx])"‘ (bsec[e +fx]*)Pax

Derivation: Integration by substitution
Basis: Sec[z]%2=1+Tan[z]?

Basis: (d Tan[e + fx])"F[Sec[e + f x]?]| = %Subst{w, X, Tan[e+fx]} OxTan[e + f x]

1+x2
Rule:

b
J(dTan[e+fx])'“ (bSec[e+fx]2)"d1x — ;Subst[J(dx)m (b+bx2)p'1dlx, X, Tan[e+fx]]

Program code:

Int[(d_.«tan[e_.+f_.xx_]) m_x (b_.+sec[e_.+f_.xx_]*2)"p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
bxff/FxSubst [Int[ (dxffex) *mx (b+bsff 24x72) " (p-1),x],x,Tan[e+f+x]/Ff]] /;
FreeQ[{b,d,e,f,m,p},x]

2: J(dTan[erFx])"' (a+bSec[e+-Fx]")pd1x when gez A (fez \% n==2)

Derivation: Integration by substitution
Basis: Sec[z]%2==1+Tan[z]?

Basis: (d Tan[e + f X] )mF[SEC[e-F‘FX]Z} = %Subst %@, X, Tan[e+fx] | OxTan[e + f X]

Rule: If % ez A (%ez V n=2),then
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

(dx)" (a+b (1+x2)"/2)p

1+x2

J(dTan[erFx])"' (a+bSec[e+-Fx]")pdlx — %Subst[J. dx, X, Tan[e+fx]]

Program code:

Int[(d_.«tan[e_.+f_.»x_])~m_x(a_+b_.+sec[e_.+f_.xx_]"n_) p_.,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+fxx],x]},
'F'F/'F*Subst [Int [ (d*'F'F*x) mx (a+b* (1+'F'F"2*x"2) ~(n/2) )"p/(1+'F'F"2*x"2) ,x] yX,Tan [e+f*x]/'F'F] ] /3
FreeQ[{a,b,d,e,f,m,p},x] & IntegerQ[n/2] & (IntegerQ[m/2] || EqQ[n,2])

3. j(dTan[ewa])"'(b(cSec[e+-Fx])")pdlx

1: J(dTan[erFx])"' (b (csec[e+fx])")Pdx whenm>1 A pn+m-1%0

Reference: G&R 2.510.1
Reference: G&R 2.510.4

Rule:lf m>1 A pn+m-1 # 0,then
J(dTan[erFx])'" (b (cSec[e+Fx])")Pax —

d (dTan[e+-Fx])'"'1 (b (cSec[e+-Fx])")p i d? (m-1)

dT £x])"* (b (cs £x])")Pa
f(pnem-1) pn+m—1f( an[e+fx])"* (b (csec[e+fx])")Pdax

Program code:

Int[(d_.+tan[e_.+f_.xx_])"m_x(b_.*(c_.xsec[e_.+f_.xx_])~n_)~p_.,x_Symbol] :=
dx (d«Tan[e+fxx])~ (m-1) « (b (cxSec[e+Ffxx])~n) ~p/(f+ (pxn+m-1)) -
d*2x (m-1) / (pxn+m-1) +Int [ (d«Tan[e+fxx])~ (m-2) « (b (cxSec[e+fxx])~n)~p,x] /;
FreeQ[{b,c,d,e,f,p,n},x] & GtQ[m,1] && NeQ[pxn+m-1,0] && IntegersQ[2xpxn,2xm]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2: J(dTan[erFx])"' (b (csec[e+fx])")Pdx whenm<-1 A pn+m+1%0

Reference: G&R 2.510.4
Reference: G&R 2.510.1
Rule:lf m< -1 A pn+m+1+0,then
J(dTan[ewa])'" (b (csec[e+fx])")Pax —

(dTan[e+-Fx])'"+1 (b (cSec[e+-Fx])")'° pn+m+1
df (m+1) _d2m+1)

J(dTan[erFx])"”z (b (csec[e+fx])")"ax

Program code:

Int[(d_.~tan[e_.+f_.xx_])"m_x(b_.*(c_.+sec[e_.+f_.*x_])"n_)~p_.,x_Symbol] :=
(d*Tan [e+f*x] ) A(m+l) * (b* (c*Sec [e+'F*x] ) "n)"p/(d*f* (m+1) ) -
(p*n+m+1) / (d"2% (m+1) ) *Int [ (d«Tan[e+fxx] )~ (m+2) » (bx (cxSec[e+Ffxx]) n)p,x]| /;
FreeQ[{b,c,d,e,f,p,n},x] & LtQ[m,-1] && NeQ[psn+m+1,0] && IntegersQ[2xp+n,2«m]

u: j(dTan[e+fx])'" (a+b (csec[e+fx])")"ax

Rule:

J(dTan[erFx])"' (a+b (csec[e+fx])")Pdx — J(dTan[ewa])"‘ (a+b (csec[e+fx])")Pdx

Program code:

Int[(d_.~tan[e_.+f_.*x_])"m_.*(a_+b_.*(c_.xsec[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=
Unintegrable[ (d«Tan[e+fxx])~m« (a+bx (cxSec[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]

18



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

6: J(dCot[e+fx])m (a+b (csec[e+fx])")?dx whenm¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (d Cot[e+fx])" (Ta—”zL”l)m) -0

Rule: If m ¢ Z, then

. . Erachart i Tan[e + f x] Fracpart[m] Tan[e + f x|
J(dCot[e+fx]) (a+b (csec[e+fx])")?Pdx — (dCot[e+fx]) " = _

p p ]-m(a+b(c5ec[e+fx])")pd1x

Program code:

Int[(d_.#cot[e_.+Ff_.xx_]) m_x(a_+b_.x(c_.»sec[e_.+f_.»x_])"n_)"p_,x_Symbol] :=
(d«Cot[e+fxx])~FracPart [m] x (Tan[e+fxx]/d) *FracPart[m]«Int[ (Tan[e+fxx]/d)~(-m)x (a+bx (cxSec[e+fxx]) n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

7. J(dSec[e+fx])m (a+b (csec[e+fx])")"ax

1: [sec[e+fx]" (a+bSec[e+fx]")pdlx when fez A gez

Derivation: Integration by substitution

Basis: Sec[z]%2=1+Tan[z]?

Basis: If% € Z,then

Sec[e+fx]"F|Sec[e+fx]?]| = %Subst“lerz)g‘lF[lerz}, X, Tan[e+fx]} dyTan[e + f X]
Rule: If% €Z N % € Z,then

1 n
JSec[e+fx]'" (a+bsec[e+fx]")Pdx — ;Subst[J(1+x2)?'1 (a+b (1+x*)"*)Pax, x, Tan[e+ fx]]

Program code:

Int[sec[e_.+f_.#x_]"m_x(a_+b_.xsec[e_.+f_.»x_]"n_)~p_,x_Symbol] :=
With[{ff=FreeFactors[Tan[e+f+x],x]},
ff/fxSubst [Int [ (1+FF2xx"2)~ (m/2-1) xExpandToSum[a+bx (1+FF 24x"2)~(n/2) ,x] p,X],x,Tan[e+Ff+x] /FF]] /;
FreeQ[{a,b,e,f,p},x| && IntegerQ[m/2] && IntegerQ[n/2]

2. jSec[erFx]'" (a+bSec[e+-Fx]")pdlx when "';—1ez A Eez

1: JSec[e+fx]"‘ (a+bsec[e+fx]")?dx when ’“ziez A gez APpEZ

Derivation: Integration by substitution

1

Basis: Sec [Z] 2 . m
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

Basis: If % e Z,then

1
Sec[e+fx]"F|Sec[e+fx]?]| = %Subst{(—{u;%, X, Sin[e+ fx] | 6xSin[e + f x]
1-x2) 2

Rule:If ™% ez A & €z A p ez,then

b+a (1-x2)"?)P

(1 _ XZ) (m+np+1) /2

jSec[e+fx]m (a+bSec[e+-Fx]")pd1x — %SubstU-( dx, X, Sin[e+fx]]

Program code:

Int[sec[e_.+f_.*x_]"m_.«(a_+b_.xsec[e_.+f_.+x_]~n_)~p_,x_Symbol] :=

With[{ff=FreeFactors[Sin[e+f+x],x]},

ff/fxSubst[Int [ExpandToSum[b+ax (1-fF 2«x"2) " (n/2),x]|*p/ (1-FF 24x 2) A ((m+nxp+1) /2) ,x],X,Sin[e+fxx]/Ff]] /;
FreeQ[{a,b,e,f},x] && IntegerQ[(m-1)/2] && IntegerQ[n/2] && IntegerQ[p]

21



Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

2: [sec[e+fx]" (a+bsec[e+fx]")”dx when "'z;lez A %ez ApPEzZ

Derivation: Integration by substitution

Basis: Sec[z]? == 1_5;[2}2

Basis: If% € Z,then
E 1

Sec[e+fx]"F|Sec[e+fx]?| = 1Subst —[ML, X, Sin[e+fx]} 9y Sinfe + f x]
(1-x2) =

Rule:If ™% ez A 5 €Z A p ¢ z,then

o 2l

m n 1 (1-x%)" .

Sec[e+fx]|" (a+bSec[e+fx] )pdlx — ;Subst[ ————dx, X, Sln[e+-Fx]]
(1-

m+1
X))z

Program code:

Int[sec[e_.+f_.*x_]"m_.«(a_+b_.xsec[e_.+Ff_.+x_]~n_)~p_,x_Symbol] :=
With[{ff=FreeFactors[Sin[e+fxx],x]},
ff/fxSubst [Int[ (a+b/(1-FF 2xx"2)~(n/2) ) p/ (1-FFr24x"2) A ((m+1) /2) ,X],X,Sin[e+fxx] /FF]] /;
FreeQ[{a,b,e,f,p},x]| && IntegerQ[(m-1)/2] && IntegerQ[n/2] & Not[IntegerQ[p]]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

3: JSec[e+fX]m (a+bsec[e+fx]")Pdx when (m|n|p)ez

Derivation: Algebraic expansion
Rule:If (m | n | p) €Z,then

JSec[e+fx]m (a+bsec[e+fx]")Pdx — fExpandTrig[Sec[e+fx]'" (a+bsec[e+fx]")?, x] dx

Program code:
Int[sec[e_.+f_.*x_]"m_.«(a_+b_.xsec[e_.+Ff_.+x_]~n_)"p_,x_Symbol] :=

Int[ExpandTrig[sec[e+fxx]| mx (a+bxsec[e+fxx]~n)~p,x],x] /;
FreeQ[{a,b,e,f},x] && IntegersQ[m,n,p]

u: j(dSec[e+fx])m (a+b (csec[e+fx])")?ax

Rule:

J(dSec[e+fx])m (a+b (csec[e+fx])")Pdx — J-(dSec[e+-Fx])"' (a+b (csec[e+fx])")P dx

Program code:

Int[(d_.»sec[e_.+f_.*x_])~m_.#(a_+b_.x(c_.xsec[e_.+F_.«x_])~n_)"p_.,x_Symbol] :=
Unintegrable[ (d«Sec[e+fxx])~m« (a+bx (cxSec[e+fxx])~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]
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Rules for integrands of the form (d trig(e+f x))~m (a+b (c sec(e+f x))"~n)"p

8: J(dCsc[e+fx])m (a+b (csec[e+fx])")?dx whenm¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (d Csc[e+fx])" (51—”%“@>’“> -0

Rule: If m ¢ Z, then

. . Erachart i sin[e + fx] Fracpart[m] sin[e + x|
J(dCsc[e+fx]) (a+b (csec[e+fx])")?Pdx — (dCsc[e+fx]) ™" e _

p p ]-m(a+b(c5ec[e+fx])")pd1x

Program code:

Int[(d_.#csc[e_.+f_.xx_]) m_x(a_+b_.x(c_.»sec[e_.+f_.»x_])"n_)"p_,x_Symbol] :=
(d#Csc[e+fxx])~FracPart [m] » (Sin[e+fxx]/d) ~*FracPart[m]+Int[ (Sin[e+fxx]/d)~(-m)« (a+bx (cxSec[e+fxx]) n)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]]
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